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Abstract: Problems where the solution to a constrained optimization problem is used to regulate a
physical process modeled as a dynamically evolving plant arise in multiple application areas, including
safety-critical control, power networks, traffic networks, and network congestion. This may take the form
of providing setpoints, specifying optimization-based controllers, or steering the system toward an
optimal steady state. A paradigmatic example is the use of CBF-based quadratic programs for controller
synthesis in robotics. In this talk, we are motivated by situations where the problem incorporates
constraints which, when violated, threaten the safe operation of the physical system. In such cases, the
algorithm that solves the optimization must be anytime, meaning that it is guaranteed to return a feasible
point even when terminated before it has converged to a solution. We introduce a class of novel system-
theoretic algorithms for solving constrained nonlinear programs that combine continuous-time gradient
flows to optimize the objective function with techniques from control barrier functions to maintain
torward invariance of the feasible set. We refer to the resulting closed-loop system as the safe gradient
flow. We draw on the alternative interpretation of the safe gradient flow as a projected dynamical system
to characterize its dynamical properties regarding regularity, stability, convergence, contractivity, and
invariance. We also show how the proposed framework is conducive to the extension of the proposed
designs to monotone variational inequalities and discrete-time settings.
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